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Standard Model 11
Exam 2018

Answer any Four questions
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The numbers in square brackets in the right-hand margin indicate a provisional allocation
of maximum possible marks for different parts of each question.

[Prof. Robert Thorne]



(Answer ANY FOUR questions)
Note: only four answers will be marked

1. (a) Explain what is meant by the matrix 7°. What are the properties of this
matrix, including its commutation relations with other gamma matrices?

(b) Explain why g(é1 + i7°¢9)y is a suitable term for an interaction in a La-
grangian for a quantum field theory while g(1%)? is not.

(c¢) Consider the Lagrangian

| >

1260 — 2(0- 0)2 + (i - O — g1 + v o),

N —

L= 5(00) (0"0) +

¢1
P2
¢ — cosa Py — sina g, Gy — sina @1 + cos a ¢ and P — exp(—iay’/2)1).

where ¢ = (

). Show that this theory is invariant under transformations

(d) Explain why the minimum energy states of the system correspond to those
with minimum potential energy. Identify the parts of the Lagrangian which
correspond to this potential.

(e) Show that the solutions to the classical equations of motion with minimum
energy lead to a vacuum which breaks the symmetry spontaneously. Choose
a suitable vacuum solution, and show that the fermion field acquires a mass
which is o g.
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2. (a) Explain what is meant by the orthogonal group O(3), and state how many
generators there are. How many would the group O(4) have? [4]

(b) An early proposal for the Standard Model was a theory invariant under O(3)
gauge transformations, explicitly with the gauge-scalar particle sector defined
by the Lagrangian where a three-component “triplet” gauge field A, is coupled
to a real triplet scalar field ¢ as below,

1. 1 2
L= Ty FY-F,, + %(D“gzﬁ)-Dngﬁ B g)‘(¢2 o UQ) ?
F,=0A —0A,+ecA, xA,, Dp=0,0+ecA, x¢.

Show that in this theory the O(3) symmetry is broken by a choice of ground

state to O(2). (3]
Explain what is meant by “would-be Goldstone bosons” and the unitary gauge

for the spontaneous broken gauge theory. [5]
Find the mass of the one physical scalar field. [2]

Using this gauge (i.e. the unitary gauge) rewrite the theory in terms of physi-
cal fields and show that the masses of the three gauge bosons are m4 = v/2ev
for 2 bosons and m 4 = 0 for one boson. (6]
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3. (a) The covariant derivative in the electroweak sector of the Standard Model is
defined by
D' = (0" +igi A*(x) - 0 + 1Y ¢’ B*(x)),
where g is the SU(2) coupling constant ¢’ is the U(1)y coupling constant o;
are the Pauli matrices and Y is the hypercharge. Describe the SU(2) and
hypercharge representations and quantum numbers for the leptons. (Assume
neutrinos are massless in this question.)

(b) Using
1 1
V2 V2

show in detail that the interaction of the W™ boson with the lepton fields
may be written as

g _
£W+lep = _mWﬂLVﬂu(l - 75)17

for each family of leptons.

WS (AL iAY), W= (A - iAD),

(c) Write the corresponding term for the W~ boson.

(d) Explain why the corresponding interaction term is more complicated for quarks
by referrring to any distinction between weak and mass eigenstates for the
fermions.

(e) Show that at low energies it is equivalent to use an effective Lagrangian density
G
‘CWeff = _7;
where G = v/2¢%/8m?,.
(f) Consider the decay

(" ()" ()

™ (p) — e (k) + Z(q).

The matrix element for this decay is
M = —==(e7 (k) 7e(q)|ey* (1 — 75)1e|0) (0] T3 |7~ (p)).-

By considering the leptonic part of the appropriate symmetry property of
the pion explain very briefly why only the axial part of the hadronic current
contributes to (0]J2 |7~ (p)).

(g) By considering this matrix element prove that the decay rate vanishes in the
limit m, — 0.

(h) Explain physically why the matrix element must vanish in this limit.
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4. (a) The covariant derivative in the electroweak sector of the Standard Model is
defined by

D" = (0" +igyA”(x) - 0 +iY ¢ B"(x)),

where g is the SU(2) coupling constant ¢’ is the U(1)y coupling constant o;
are the Pauli matrices and Y is the hypercharge. Using

ASN\ [ cosbw  sinby )\ [(ZH
B* )\ —sinfy cosfy ) \A* )’
and ¢'/g = tan 0y, show that the interaction of the Z boson with the fermion

fields may be written as

g
2 cos b,

Car =~ 5ol S 2T~

where the sum is over fermion species.

(b) Using the decomposition of the fermions in one generation into their SU(2)
and hypercharge representations find the values of ¢! and ¢! for the four types
of fermion.

(c) M is the matrix element for Z — 11). Neglecting fermion masses we find that

2

2
2 _ g-Mj i i 5 v i i 5 *
ASE S |M|* = o QWTr(v-pw"(cv—m )v-py (e, —cir’)) EA (g, Neu(q, A),

where ¢ is the Z momentum and pq, po that of the fermion and antifermion,
and the sum is over initial polarizations and final spins. Working in the Z
rest frame show that

S jag = PMBER + (@)
cos? Oy '

(d) Assuming that neutrinos in any possible family are effectively massless, what
information did the first measurement of the total width, and hence decay
rate, of the Z boson provide?

[You may use ), €:(q, \)e, (¢, A) = =gy +

&de - and
q

Tr(YaY8747s) = 4(9aBGys + Gas9sy — Jar9ss) Tr(VYaY8V7V5) = 4i€apys,

where €,4,5 is the totally antisymmetric tensor. |
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5. (a)

Under charge conjugation we assume ¢(z) — VO (z) ,v%(x) = Cip(x)t, with
t denoting transpose, and that ¥ (z) — —¢!(x)C~'. Explain why a current
interaction

JNVu = 15(90)7“(1 - ’)/5)77/)(.%)‘/“,

is not invariant under parity or charge conjugation separately but is invariant
under the combined transformation.

Under a time reversal transformation TY(x)T" = B~ (xp) and Tep(z)T~! =

(xzp)B where B = v5C' and T is an antilinear transformation, i.e. it takes
the complex conjugate of numbers. Show that B(y%, —v)B~! = (7°,7;), and
that the above current interaction is invariant under time reversal.

The K° and its anti-particle K° are pseudoscalar mesons with dominant quark
structure sd and ds. Under C'P we can define

CP|K% =|K°,  CP|K") =|K").
The mass eigenstates of the system are the eigenvectors of the matrix
A= (ECHHIKS) (KP|HKS)\ _ (M M
(KO[H'|K?)  (K°|H'|K?) My M)

where H’ is an effective Hamiltonian arising from weak processes that mix
-0 . .

|K°) and |K ), and Mj; = M. Draw a Feynman diagram representing one

such mixing process.

Show that if H' is not invariant under C'P then My # Mo;.

Show that the mass eigenstates are equal to the C'P = +1 and —1 eigenstates
1

V2

up to small corrections proportional to

. VMg — /My
VMg + /My

[Under parity transformations P

Y(r) — ’Vow(ﬂﬂp) 15(3’7) - 2/_J(SUP)’VO Viu(x) — V¥ (zp).

) = S5 (10 +1KY) . 15ef) = —=(1K%) — 1K)

Under charge conjugation C' V,,(x) — —V,,(x), and under time reversal V,(z) —
V“(Z’T).
You may assume C(y*)!C~! = —4#* and CT = C~1]
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6. (a)

Briefly justify the fact that the renormalized coupling in any quantum field
theory g(u?) is a function of the renormalization scale and satisfies a renor-
malization group equation of the general form

o0

dg
— b n
d ln /Jz Z ng Y

n=t
where b,, are constant coefficients unique to a particular theory.

At lowest order this equation can be written in the form

do
——— = bya?
dln p? o

where a = ¢g? /4, find the solution subject to boundary conditions o = «yy at
p? = pi for by = +0,, where (3, is a positive constant. If by is negative show
that the solution may be rewritten as

oy 1
W) = e A

bo is negative for the strong QCD coupling. Explain what happens as p? — oo
and for small 2, and discuss briefly what results this produces in strong
interaction physics. Roughly what size should A be assuming f, is of order
unity?

Discuss the behaviour of the coupling with ;2 for positive by. This is the case
for the Higgs self-coupling. Using the relationship between this coupling and
the Higgs mass explain what implication a very large Higgs mass would have
had on the reliability of the Standard model for very large u?.

END OF PAPER
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