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Question 1 (20 marks)

(a)

The highest energy cosmic rays have E ~ 10%° eV. Assuming the cosmic ray collides with
a proton in the atmosphere, determine the ratio of the centre-of-mass energy in such a
collision to the centre-of-mass energy for proton-proton collisions at the LHC. [5]

Particle C' of mass m¢ decays into two particles, A and B, with masses m4 and mpg.
Determine the energies of the decay products in the rest frame of the parent particle in
terms of the masses of A, B and C. [5]

Also for C — A+ B, show that in the rest frame of the decaying particle, C', the outgoing
momentum can be written in terms of the masses of A, B and C' as

1/2
lp| = {mj +mp 4+ mg — 2mim% — 2mime, — 2m124m%} / /2me
where p is the outgoing momentum of either A or B. [5]

Show that the flux factor for the collinear collision of A and B is given by
2 i| 1/2

EAEplv| = [(pa - pp)? — mim3;

where v is the velocity of incident A (energy, £4, four-momentum, p4, and mass, m4) in
the rest frame of target B (energy, Ep, four-momentum, pg, and mass, mpg) . [5]



Question 2 (20 marks)

(a) The a; and (3 matrices of the Dirac equation, have the following identities :

OéiOéj + OéjOéi = 2(511
a3+ Ba; = 0
042-2 =32 = I.

From these, derive the anti-commutation relationship for v* matrices,

T A =29

(b) Prove the identity,

hf=a.

(c) Show that

Tr[5] =0.

(d) From its definition, v° = iy%y192?~3 show that

Tr[°] =0.



Question 3 (20 marks)
(a) Show that ~A0y#T70 =~~. [5]

(b) For Coulomb scattering, e~ (k) — e~ (k’), the lepton tensor can be written as

L = ST [(F + my 4+ m)y]

Show that this can be evaluated as
LM =2 [K"MEY + KV EF — (K- k)g™] + QmZg‘“’

You do not have to prove but should quote any trace theorems used. [6]

(c) Evaluate the lepton tenser, L%, giving your answer in terms of the incident energy, F,
velocity, v, and the scattering angle, 6. [9]



Question 4 (20 marks)

(a) Contrast the advantages and disadvantages of eTe™ and pp colliders and give an example
result from each to illustrate the differences. [7]

(b) Describe the features of Fig. 1, the deep inelastic scattering cross section, and how this

relates to the structure of the proton. [7]
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Figure 1: Cross section for neutral current deep inelastic scattering.

[Continued over]



(c) Describe features of Fig. 2, showing the total cross section, ee~ — hadrons, and ratio,
ete” — hadrons/ete” — putu~. [6]
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Figure 2: Measurement of the total cross section, e'e
hadrons/ete™ — utpu~.

— hadrons, and ratio, efe” —



Question 5 (20 marks)

(a) State what are meant by global and local gauge transformations. [2]
(b) Explain the four terms in the Lagrangian of QED :

_ _ — 1
L = iy, 0" — mpp + ey, Atp — ZF“”FW

(c) Using the Euler-Lagrange equation,

i. substitute the Lagrangian,

1 1
L= 3 (0,0)(00) — ym’6?,
and show that this gives the Klein-Gordon equation. [5]

ii. substitute the Lagrangian,

£ = i3 — mi

and show that this gives the Dirac equation. [3]

(d) From the Lagrangian
1 . .
& [oh (o4 BP0V — W2V + W) — (0 + 0 (9 B — gw W) B — W)

derive the ZZH and ZZHH couplings. (Simplify your answer to give results in terms of
gw and 6y and remove dependencies on both v and ¢'.) [6]



Question 6 (20 marks)

(a) The amplitude for the decay 7~ (¢) — pu~ (p) + v,(k) is given by:

(1o = S 12 cos6umTe [(p+ m, ) (1~ 72)(1+77)]

Use Trace theorems to show this simplifies to

|Ts|* = 4G f7 cos® Om’(p - k)

(b) The total decay width is given by

1
8mm2

I'= T5 ) |p|

where m, is the pion mass and p the momentum of the muon in the centre-of-mass frame.
Hence show that

1

- 3
8mTms

r

G2 f? cos? chzi(n@fT — mi)2

[9]

(c¢) From this, derive the ratio of decay rates:

NK- —e +7,)

R—
'K~ —p +0,)

in terms of the particle masses. Use this relation to give the value to 3 significant figures
showing that the rate is close to that measured from experiment, ~ 2.44 x 107°. [3]

(d) Explain the above difference in decay rates to e" 7, or u~ 1. [3]



Question 7 (20 marks)

(a) At lowest order, the transition amplitude for the Higgs decay, H — f(p1)f(p2), to two
fermions of mass, my, is

. my _
Ts = —Zgzmvju(pl)v(pﬁ
where My, is the W mass. Show that
2 2
2 _ gwhme 2 2
[7]
(b) The total decay width is given by
1
= T:|?
T

where My is the Higgs mass and p the momentum of the fermion in the centre-of-mass
frame. Hence show that

2 2\ 3/2

42
[7]

(¢) In fact the above expression is valid for decays to leptons; how would it be modified for
decays to quarks ? [1]

(d) Determine the widths for decays to muons and to bottom quarks. Which is the dominant
rate of the two modes for the Higgs-like Boson discovered at the LHC ? [5]



Question 8 (20 marks)

(a) Draw the leading order Feynman diagram for the scatter of a neutrino of four-momentum,
k, off an anti-quark of four-momentum, p. [2]

(b) The cross section for v scattering is given by

do, . G% u?
QD= ey

First convert this into an expression for %(wj) and then find an expression relating

Yy g IZ (q is the exchanged four-momentum) and u and s to express Cclit (vq) in terms of

Y. [11]

(¢) The neutrino DIS cross Section can be Written in terms of the kinematic variables, z and
y, and structure functions, F2 and F

d?c™) B GF S 1+ (1—y)? :IZ'F?EV) 1—(1—y)?
dedy 2772 2 o 2 '

Use the parton model prediction

e G2

- 2
v dy 7% [ () + q(z)(1 —y) ]
F®)
in order to derive the dependence of FQ( and “5 3,,) on the quark, ¢(x), and anti-quark,
d(z), densities. [7]

[Total Marks = 120]
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