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1. Higgs sector of the Glashow Salam Weinberg model.

The kinetic part of the Higgs Lagrangian in the Standard Model is given by
»C<I>—kinetic = (DMCI))T (D#CI)) )
with
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In the expression for D,, B, is the hypercharge gauge field, Y, the hypercharge
of the Higgs doublet ®, and ¢ is the hypercharge gauge field coupling constant.
Furthermore, W, = 7*W},
fields, and 7¢ are the Pauli spin matrices divided by two. Lastly, gy is the weak

where W (a = 1,2,3), are the three I gauge boson

coupling constant.

Inside ®, h is the Higgs field and v'/y/2 is its vacuum expectation value.

(a) Show that Lg yinetic can equivalently be written
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where ‘c.c.” represents the complex conjugate of the first term in the first set
of round brackets. [10]
(b) What are the following four combinations of fields physically identified as:

1
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1
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[3]

(¢c) Determine the masses of the physical W and Z boson fields in terms of v/, gw

and cos Oy, where
gw

cos by =

[7]



2. Computation of the width for heavy Higgs boson decay to W .

In this question we assume a scenario in which the Higgs boson mass (My) is
greater than twice the W-boson mass (Mw): Mg > 2My.
The amplitude for the decay H — WTW ™ is given by

—iM = igw Mw g € (p1) € (p-) |

where gy is the weak coupling constant, and p. are the W* boson momenta re-

spectively.

(a) Compute the amplitude squared for the Higgs boson decaying into a WHW~—

. . . 2 .
pair, summed over polarizations, Yy + .., |[M|", in terms of gy, My and My .

Hint: you may find useful the kinematic identity p, - p_ = $ M7 — My, .
[10]

(b) The longitudinal polarization vectors €% (p+) of the W bosons, can be written

respectively, as

1 M2 —aM2\ "
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satisfying the usual Lorentz condition for polarization vectors e (py) - p+ =0
and canonical normalization € (p1) .€ (p+)" = —1.

The amplitude for the decay H — W*+W~, where the W= bosons are longitu-
dinally polarized is given by

_ZML = ZgW MW Guv Eli (p+) 62 (p—) :

Compute this amplitude in terms of gy, My and My, and hence the corre-
sponding squared amplitude | M L\2.

[8]

s [M (7, in part (a), and [Mp|”
in part (b), what do you infer about the decay H — WTW ™ in the limit
My > My?

(¢) Comparing the expressions derived for >y«
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3. Abelian gauge invariance for a complex scalar field theory.

The Lagrangian density for a complex scalar (¢) field theory is given by

L = (0u0)(9"9") =V (9,9")

V(9" = —m*¢"d—\(6"9)" .

(a) Determine how the potential V' (¢, ¢*) changes under a local U (1) symmetry
transformation ¢ — U¢p, U = 9 A = A (z).

[3]

(b) Determine how the derivative term 0,¢ changes under the same U (1) trans-

formation.

[4]

(c) Defining the covariant derivative as
D,=0,+1iqA,,
with A* transforming as

AP AR = UARUT ; @)Ut
— AP R,

determine the result of the same U (1) transformation applied to D,¢.

[6]

(d) Hence show that

1

ﬁgauged = (Du¢) (DTM¢*) -V (Qb, gb*) - ZFMVFMV7
where
F,, =0,A, —0,A,.

is U (1) gauge invariant.

[7]



4. Goldstone bosons
Unless otherwise stated you should assume the usual summation convention applies:

repeated indices are implicitly summed over.

Consider a simple scalar field theory, of three real scalar fields ¢;, + = 1,2, 3, with

Lagrangian

L(600,60) = 5 (0u6) (900 — V (6:6) .V (6:6) = L6+ M (6:6)°

(a) Given that U is a global SO (3) transformation, determine/write down U;;Usy.

[3]

(b) Compute the effect of the global SO (3) transformation ¢; — ¢, = U;;¢; on
DiPi-
[3]

(c) Compute the effect of the global SO (3) transformation ¢; — ¢; = U;;¢; on L.

[2]

(d) Write the potential in terms of |¢| = \/¢;¢; and, assuming the parameter p?

is negative, show the potential minima has extrema located along |¢| = a =

112

-5 State whether these extrema are minima or maxima of V.

[4]

(e) Assume the vacuum state of the theory is at (¢, 2, ¢3)

= (0,0, a), ie.

= a, with a as given

¢3 acquires a non-zero vacuum expectation value (¢s)
in part (d). Determine the part of the potential which is quadratic/bilinear in
¢1, ¢9, and the shifted field x where ¢35 = x + a. What are the masses of ¢,
¢ and x?

[6]

(f) Given that the vacuum state of the theory, (¢, 2, ¢3) = (0,0,a), is itself
invariant under SO (2) rotations about the ¢3 direction in isospin space, how
many Goldstone bosons do you expect to find based on Goldstone’s theorem

and why?
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5. Hadron collider cross section

Throughout this question you should assume the masses of the colliding hadrons

(protons) are zero.

At the LHC the main mechanism by which the Higgs boson is produced, at parton
level, is the so-called gluon fusion process, g + g — H, in which the colliding gluons
and outgoing Higgs boson are connected to one another via a triangular loop of

top-quarks, as depicted in fig. 1.

Figure 1: Higgs production via gluon fusion at parton level.

The colliding hadrons travelling in the +/ — z-directions are labelled hg and hg
respectively, and their momenta are denoted by ps and ps. The fraction of hg's
momentum carried by the colliding gluon inside it is denoted 74 in the hadronic
centre-of-mass frame. Similarly, the fraction of hs’s momentum carried by the col-
liding gluon inside it is no. The total hadronic centre-of-mass energy squared is

denoted S = (pg + ps)’. The Higgs boson momentum is labelled py.

(a) Using momentum conservation, neps + nepe = pm, and assuming the Higgs
boson is produced on-shell, with mass my, determine m?, in terms of 7, 75,
and S.

[3]
(b) Determine the rapidity of the Higgs boson, yg, in terms of 1 and 7.

[3]
(c) Determine the momentum fractions 7 and 7 in terms of my, yy and S.

2]

(d) Compute the flux factor, F, in terms of my, where F' is in general given by

F= 4\/((77@29@) . (Uepe))g - (U@p@)Q (Uepe)Q .

[3]



(e)

The one body phase space factor for the final-state Higgs boson is
dLIPS = 279 (n@n@S - m%) .

The squared matrix element for g + ¢ — H, in the infinite top-quark mass

limit, summed over all gluon and Higgs polarizations, and colours, is given by

o (2 as yaw)©

pols

2 2
where ay = i—‘jr’ with gy the weak coupling constant, and ag = Z—i with
gs the strong coupling constant. Write down the partonic cross section for
g+g— H,doy,_.p, in terms of ng, 1o, S, and the variables contained within

the expression given here for > M|

[5]
Determine the total hg (pg) + he (ps) — H hadronic cross section, opgne—m,
in the form of a single integral over the Higgs boson’s rapidity; you may use

the relation dngdne = < dm¥dyy.

[4]



6. Decay width of the top quark

Throughout the question you should assume that the b-quark mass is entirely negli-

gible.

In the following we denote the ¢, b and W particle momenta respectively as p,

Po, Pw -

(a) Draw the Feynman diagram for the two-body decay of a top quark into a b-
quark and a W boson, labelling the external particles by their momenta p;,
Dy, pw. Take care to label the flow of fermion number appropriately with an
arrow.

[4]

(b) The amplitude for the top quark decay to a b-quark and W boson is

o Tlgw b b = 1
—iM = \/§ et (pW) ‘7/‘ ) ju - U(pb) ’Y,Uai (1 - ’}/5)71/(])1}) )

where gy is the weak coupling constant. Show that the complex conjugate of

the amplitude is given by (recall 72: = Y0YuY0)

. * ZgW U - tb * - tb * — 1
M= —=¢€ ) =T v= (1 =) u :
NG (pw) Ju J () gy (1= 75) (o)

[4]
(c) Hence determine that the matrix element squared is equal to

M = gTW e (pw) € (pw) Tr | (py) ’Yu; (1 —=5) u(pe) @ (pe) %; (1 —=5) w (o)

[4]
(d) Sum the matrix element squared over fermion spins (¢ and b) and show, without
the use of trace theorems
2

oo IMPP = W et (pyy) € (pw) Tr yam pm;(l—%)

t,b spins 2

[4]
(e) The squared matrix element summed over fermion spins and gauge boson po-

larizations is

S Mp = G (1 () (1)
spins,pols \/§ my my




The Lorentz invariant phase space measure for the decay is

my

11 2
ALIPS — o (1 _ ng) d cos 8y doy

where 6, and ¢, are the polar and azimuthal angles of the b-quark in the top
quark rest frame. Show that the decay width I' (t — 0W) is

[4]



