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I use a simple model for the spread of Covid-19 in a large population.
I compare the relative decay of the number of deaths per day between
different regions in Italy, Spain and England, each applying in principle
the same social distancing procedures across the whole country.
I obtain an estimate of the total fraction of the population which
has already become infected. In the most heavily affected regions,
Lombardy, Madrid and London, this fraction is higher than expected,
i.e. ≈ 0.3.
This can be converted to a determination of the infection fatality rate
if r, which appears to be if r ≈ 0.0025 − 0.005, somewhat lower than
usually assumed ∼ 0.01 (arXiv:2005.00495 - posted 30th April).
Alternatively, this can also be interpreted as a effectively larger fraction
of the population than simple counting would suggest if there is a
variation in susceptibility to infection.
The implications are very similar for either interpretation or for a
combination of effects.
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The Motivation.

It is clear that the initially most heavily infected regions in a variety of
countries, including the UK (or for practical reporting reasons England)
have been having much faster falling rates of covid infection ever since
the peak was reached, and well after “lockdown”, when everything
should be the same throughout the countries.
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The Model
I consider a basic deterministic model for the spread of Covid-19, which
is arguably appropriate when a significant fraction of a population has
become infected, and the system can be treated as continuous rather
than discrete.
This has an analogy in Physics where one can discuss interactions
between nearby atoms, spins etc. in the “mean-field” approximation.
By comparing the relative decay of the number of deaths per day
between different regions, each applying equivalent social distancing
procedures, one can obtain information about the total fraction of the
population which has become infected.
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The evolution of the system is written using the equations and
conventions in e.g. doi.org/10.1101/2020.03.24.20042291.
dy
= βy(1 − z) − σy,
dt

dz
= βy(1 − z).
dt

y is the fraction of the population who are currently infectious
z is the fraction who are no longer susceptible
1/σ is the infectious period in days
β is the transmission coefficient, β = Rσ, R is the reproduction number.
At t0 a significant fraction of the population have become infected.
Treatment of y and z as continuous variables is appropriate.
Also when R is approximately 1, or less – a very slow rate of growth for
y, or even a slow decay.
 
dz
= β(1 − z)y0 exp((R(1 − z) − 1)σt).
dt t
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At t the rate of deaths is the infection fatality rate if r times (dz/dt)t−20,
asssuming a delay of 20 days between infection and death.
This is not constant, and there should be a convolution of (dz/dt) with a
function with mean t ≈ 20 and a width.
I use the simplest model here (less important for almost constant rate
than rapid growth or decay). I define τ = t − 20.
Normally assumed that z is sufficiently small that it is having negligible
effect.
Whether there is growth or decay is governed entirely by whether R is
greater or less than 1.
if r is also usually taken to be a fixed value close to 0.01
https://doi.org/10.1016/S1473-3099(20)30243-7.
By comparing the relative rate of deaths of regions within the same
country one can infer the value of z, and (possibly) the value of if r.
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Two regions subject to exactly the same social distancing procedures,
so assume that R has a common value R ≈ 1.
The fall in death rates is mainly due to (1 − z).
Taking the ratio of (dz/dt)τ for the two regions


 

dz2
dz1
/
= R12 ∝
dt τ
dt τ

exp((R(1 − z1) − 1)στ )
exp((R(1 − z2) − 1)στ )

→ R12 ∝ exp(−R(z1 − z2)στ ).
If at time t0 then if z1 > z2 then R12 will fall with time.
If the rate of decay of the number of deaths in two regions is clearly
different, then assuming R is very similar in each, the only explanation
is the effect of the differing values of z.
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Treatment approximate, but consider degree of uncertainty in most
sophisticated models.

https://mrc-ide.github.io/covid19-short-termforecasts/index.html.
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Lombardy and Italy
First major outbreak in Europe and are where full social distancing was
first applied and a peak was first reached on 27 March.
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The 3-day average from 28-30 March, the ratio R12, (1 denotes
Lombardy and 2 the rest of Italy), was R12 ∼ 1.3. For dates
near 28-30 April it is R12 ∼ 0.5 and falling (data taken from
https://github.com/pcm-dpc/COVID-19/tree/master/
schede-riepilogative/regioni).
Decay of the ratio of deaths per day for Lombardy/Italy
ratio
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If the decay in both Lombardy and the rest of Italy is due only to
lockdown reducing the effective R this is difficult to understand.
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Taking 32 values of R12 and fitting a form a exp(−λτ ) find λ = 0.028.
Fixing R = 1 and 1/σ = 7 days → z1 − z2 = 0.196
The largest uncertainty is from varying the first day of data included →
uncertainty of about 15%.
Assuming if r is common throughout Italy if r ≡ if rI , and using the
accumulated deaths in the middle of the period
9900
z1 − z 2
11100
= 0.196 → if rI = 0.0046±0.0006.
, z2 ≈
z1 ≈
(if rI 107)
(if r5 × 107) if rI
Hence, inferred if r is rather lower than the common assumption, by a
factor of about 2.5.
z1 for Lombardy approximately 20 days before last data used, i.e. on
10th April, was (13, 800/0.0046) × 107 = 0.30 ± 0.05. For the remainder
of Italy z2 = 0.06 ± 0.01.
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Now confirm that R ≈ 1 is a good assumption.
Using R = 1 the total decay for the remainder of Italy is a fall of 0.83
over 32 days, entirely due to (1 − z).
In fact ∼ 0.6 → R ≈ 0.95.
This R gives a slightly larger z1 − z2, by a factor of 1/0.95.
The absolute fall in Lombardy largely due to (1 − z) but partially R.
Using R = 0.95 we obtain
if rI = 0.0044 ± 0.0006,

For Lombardy z1 = 0.32 ± 0.05 on 10th April.
For the rest of Italy z2 = 0.065 ± 0.01.
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Madrid and Spain
The peak was reached only a couple of days later than in Italy.
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Decay of the ratio of deaths per day for Madrid/Spain
ratio
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R12 for the 3-day average for 29-31 March was R12 ∼ 0.6, but near
28-30 April it is R12 ∼ 0.25.
Fit the last 31 values (data taken from https://covid19.isciii.es/.)
→ λ = 0.0225 and z1 − z2 = 0.158 ± 15%.
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Using the values for acummulated deaths and populations in the middle
of the period
z1 ≈

6550
11500
z1 − z2
= 0.158
,
z
≈
→
2
6
7
(if rS 6.7 × 10 )
(if rS 4 × 10 )
if rS
→ if rS = 0.0043 ± 0.0006.

Infer that for Madrid z1 = 0.28 ± 0.05 on 10th April and for the rest of
Spain z2 = 0.09 ± 0.02.
R ≈ 1 is a good assumption, but gives a fall for the remainder of about
0.7 where it is more like 0.5.
A value of R = 0.9 works a little better, and means if r and z1, z2 are
raised by 10%
if rS = 0.0039 ± 0.0005.
For Madrid z1 = 0.31 ± 0.05 on 10th April.
For the rest of Spain z2 = 0.10 ± 0.02.
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London and England
Behind Italy and Spain, but England now has slow rate of decline.
London rather distinct from the rest of England.
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Over 21 days from 9th April the ratio of deaths reported per day (data
from https://www.england.nhs.uk/statistics/
statistical-work-areas/covid-19-daily-deaths/) fallen from
R12 ∼ 0.37 for 7-9 April to R12 ∼ 0.23 up to 28-30 April.
Decay of the ratio of deaths per day for London/England
ratio
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Fit to a exp(−λt), finding λ = 0.023 and hence, z1 − z2 = 0.161 ± 20%.
Making a common assumption on if rE
z1 ≈ 3650/(if rE × 8.9 × 106),

z2 ≈ 9700/(if rE × 48 × 107).

This results in if rE ≈ 0.0013 much less than Italy and Spain. However,
the comparison is not so straightforward.
Most deaths from Covid-19 are amongst the population older than 65.
In Lombardy the fraction of the population over 65 is 22%, similar to
Italy as a whole, and in Madrid 20%, marginally higher than the national
percentage.
In London it is just 12%, as opposed to 18% for England → if r for
London lower than the rest of England (and Italy and Spain).
Ratio of the fraction of the population in London over 65 years old to that
for the reminder of England is 12%/19% = 1/1.6 → if rE−L = 1.6if rL.
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Using this
z 1 − z2
= 0.161 → if rL = 0.0018±0.0003 → if rE−L = 0.0028±0.0004.
1.6if rL
On 10th April z1 = 0.31 ± 0.07
For the rest of England z2 = 0.11 ± 0.02.
The absolute fall for the remainder of England is 0.65 over the past 20
days, reasonably consistent with R = 1 (within about 5%)
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Times before the peaks
Include data for times before the peak (defined as the day on which I
begin the fit to the ratio). This includes dates only a week or so after the
lockdown in each country, when the number deaths was far smaller.
In each case in the week or more before the peak the ratio falls.
Hence, even though before full social distancing one might suspect
more densely populated regions with the highest rates of infection to
have the largest values of R, the opposite is true.
The region with the highest number of deaths per population assumes
this role very early, but even before lockdown is applied the remainders
then tend to catch up.
The most affected regions have a smaller effective R even at earlier
times when the absolute value of R >> 1.
Either R is smaller for Lombardy, Madrid and London than the
remainders for all but the very earliest times, or even before the peak
the (1 − z) factor is playing a significant role.
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Decay of the ratio of deaths per day for Lombardy/Italy
ratio
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Assuming that before the peaks, R is the same in all regions to a good
approximation, then the ratio R12 ∝ exp(−R(z1 − z2)στ ).
z1 and particularly z2 very small, e.g. using the value of if rI then 5 days
before the peak z1 for Lombardy will be ≈ 4200/((0.0044 × 107) ≈ 0.1.
R ∼ 2 → R12 ≈ exp(−0.03τ ), leading to a fall of about 0.7 in the 10 days
before the peak. This is roughly what is observed for Lombardy/Italy.
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Decay of the ratio of deaths per day for Madrid/Spain
ratio
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For Madrid/Spain the relative fall is ∼ 0.5, implying a higher value of R,
consistent with the larger absolute rate of increase before the peak for
Spain.
It is clear that there is a distinct kink in the ratio near the peak, consistent
with a sudden change in R.
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Decay of the ratio of deaths per day for London/England
ratio
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For London, there is a clear decrease even before the peak.
Qualitatively similar to Lombardy/Italy, a fall of about 0.7 in the 10 days
before the peak.
This is consistent with the fact that the absolute rate of increase in the
approach to the peak is similar to Italy.
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Evidence from seroprevalence tests
Early small-scale results seemed to fit in well with this picture.
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Plus increased rates in reporting influenza like symptons also indicative.
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Later studies in some of these pulled back. Also large scale study in
Spain reported national average of about 5%.

https://www.mscbs.gob.es/gabinetePrensa/notaPrensa/pdf/13.0
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Not entirely reliable. Misses up to 17% of definite positive cases (delay
in antibodies being formed?).
Picks up less than half with symptoms of loss of taste/smell.
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Additional “possible” missed cases with loss of sense of taste/smell or
more than 3 standard symptoms.
Yesterday, suggestions London ∼ 17%, rest of England ∼ 5%.
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Evidence now pointing against low if r and large fraction of population
already infected?
Well certainly some strong evidence partially against the former. Not so
clear for the latter.
Additional possible feature to consider – variable susceptibility.

doi.org/10.1101/2020.04.27.20081893
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Variable Susceptibility (Not in arXiv:2005.00495)
The discussion so far assumes that all members of a population are
equally susceptible to infection.
Relax this assumption. Instead of the fraction who have been infected,
z, use the fraction still susceptible to infection, S.
Assume that S is a function of the susceptibilty to infection x, i.e S(x).
The probability distribution function (pdf) of the population before
infection starts is q(x).
R∞
The total fraction susceptible is 1, so by definition 0 q(x) dx = 1.
We also define

Z
x̄(t = 0) =

xq(x) dx = 1.

However, q(x) has some non-zero variance V .
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At some later time we define
Z
S(x) dx ≡ S,

Z
y(x) dx ≡ y.

Using S(x) rather than z we can rewrite the evolution equations as
dy(x)
= βyxS(x) − σy(x),
dt

dS(x)
= −βyxS(x).
dt

The increase in the newly infectious fraction and decrease in the
susceptible fraction are proportional to the susceptible fraction weighted
by the susceptibility.
Assume this is uncorrelated to the force of transmission from the
currently infected fraction y – the virus can be spread equally efficiently
by all infected people.
Z

dy
= R xS(x) dx − 1 σy ≡ (Rx̄ − 1)σy.
dt
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Gomes et al study studies effect on “herd immunity” threshold by solving
(slightly different) equations numerically.
Some estimates, e.g. malaria, tubercolosis, SARS-Cov-1.
Does not so far consider possible data constraint on variance V .
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Compared to our previous equations we have the replacement
R
(1 −R z) → xS(x) dx – we have an effective fraction infected zef f =
1 − xS(x) dx.
R
The rate of infection starts to decrease when R xS(x) dx < 1.
From the equation for the rate of change of S(x), at any time the decay
in S(x) is proportional to xS(x) (assuming the variation of y due to time
varying x̄ is relatively slow)
The fraction remaining with susceptibility x can be written as
exp(−δ(t)x), for some δ(t).
Hence we can always write S(x) at some time during virus spread as
S(x, t) = q(x) exp(−δ(t)x).
Any variation
R in susceptibilty leads to S(x) decreasing
R more quickly for
larger x so xS(x) dx decreases more quickly than S(x) dx.
R
Force of infection R xS(x)dx falls faster than R(1 − z)y ≡ RSy.
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Example - let intial q(x) = S(x, t = 0) be a gamma function pdf. This is
defined in terms α and β such that
q(x) = N (α, β)xα−1 exp(−βx).
N (α, β) is the normalization and if

R

q(x) dx = 1 then

N (α, β) = β α/Γ(α).
We also have specific expressions for the mean and variance,
x̄ = α/β,

V = α/β 2.

Since we define x̄ = 1, α = β → V = 1/α and
αα α−1
x
exp(−αx).
q(x) =
Γ(α)
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Consider S(x, t) at some time during the spread of the virus.
αα α−1
S(x, t) = q(x) exp(−δ(t)x) ≡
x
exp(−(α + δ)x).
Γ(α)
S(x, t) is now a different gamma function pdf with β = α + δ rather than
β = α.
(α+δ)α
Γ(α) .

This reindentification means
The normalization should now be
R
R
that we can calculate S = S(x, t) dx and x̄ = xS(x, t) dx very easily.
(α)α
−α
S =
=
(1
+
δ/α)
(α + δ)α
Z
x̄ = α/(α + δ) S(x, t) dx = (1 + δ/α)−1(1 + δ/α)−α.
The first term is the change in the mean value of x if the normalization
were correct, while the second is due to the change in the fraction of the
population still susceptible.
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The fall in the fraction susceptible for susceptibility of 1 is exp(−δ).
Let us consider δ much less than 1 and α.
(1 + δ/α)

−1

δ
= 1 − + O(δ 2),
α

(1 + δ/α)−α = 1 − δ + +O(δ 2).

So to first order in δ
Z
xS(x, t) dx = 1 − δ(1 + 1/α) ≡ 1 − δ(1 + V )

→ zef f = δ(1 + V ).

The effective fraction of theRpopulation infected is changed from z = δ,
due just to the decrease in S(x, t) dx, to zef f = δ(1 + V ), due also to
the change in the average susceptibility.
The fraction of the population that needs to become infected in order to
obtain so-called “herd immunity” is decreased by a factor of 1 + V (up
to corrections of order δ 2)
If we need zef f = 0.6 and the variance of the susceptibility is V = 2 then
we need only that z = δ = 0.2.
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Variation in susceptibility offers an alternative explanation to why the
rates of infection and deaths are falling more quickly in Lombardy,
Madrid and London in comparison to the rest of Italy, Spain and England
respectively.
It is the effective fraction that is obtained from my analysis. The larger
than expected fraction could be due to a genuinely larger infected
fraction than assumed, i.e. lower if r, or due to a significant variance
in the susceptibility, or some element of both.
zef f about 3 times larger than expected could be due to V ≈ 2.
In practical terms, in either case the evidence from the relative fall in the
most affected regions suggests that these regions already have a large
“effective” infection rate which suppresses the reproduction rate R.
The remainder of each country will also already have reduced effective
R.
Whether this is due to a lower if r than normally assumed or a variable
susceptibilty with variance ∼ 2, the main result is the same either way.
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Discussion and further “evidence”
The number of deaths reported is subject to upwards corrections due
to some potential omissions (I have used hospital deaths in England).
Corrections could raise the if r by a factor of maybe 50%.
The extracted values of z1,ef f , z2,ef f are insensitive to this potential
shortfall (assuming it is consistent in a given country).
The observed difference in the decay rates between regions could be
due to those regions with highest initial number of cases observing the
rules of social distancing better (see arXiv:2004.07827 for the case of
municipalities within Lombardy).
In each case, Lombardy, Madrid and London need to have a value
of R about 0.2 lower than the rest of the country, despite being more
densely populated – R might instead be greater due to greater proximity
of population, more use of public transport etc.
If R is greater in Lombardy, Madrid and London the behaviour of the
ratios requires raising the values of z1,ef f and z2,ef f further.
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The model I apply is extremely simple and there are numerous sources
of uncertainty, which are difficult to quantify.
Since the values of 1/zef f and if r are linearly proportional to σ, a
change in this (which could be ∼ 20%) translates directly into their
values.
The assumption of constant zef f fractions is also a simplification, though
the difference z1,ef f − z2,ef f is less sensitive.
Asumptions about a constant time from infection to death can be
improved upon as can time variation of R which may effectively be larger
at the beginning (opposite to (z1,ef f − z2,ef f ) dependence).
Checked by varying the start date by 2 days either way, and does indeed
lead to the largest uncertainty.
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The type of if r and/or variable susceptibility inferred here would
suggest that New York (in particular), New Jersey and Belgium should
now be experiencing significant effects from an extra (1 − zef f ) factor
multiplying their R value. Deaths per population very high O(1/1000).
It seems likely that this is indeed the case. New York and New
Jersey have a consistently declining number of deaths, while in general
the remainder of the USA displays a relatively flat rate. (Plots from
https://www.worldometers.info/coronavirus.)
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Peak reached in New
York and New Jersey
when they had very similar
accumulated deaths, ∼
(0.8/1000).

Data on social mobility
extremely similar in the
two, including start dates.
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For Belgium it is notable that despite a lockdown only 4 days after Spain
(when Belgium had a tiny number of deaths), and well before England,
the peak was only reached 10-14 days after Spain.
The timing fits far better with the point where zef f would be significant
Assuming an if r or variation in susceptibility the same as England,
peak when zef f ∼ 0.15.
A week earlier, when we expect the peak to occur, zef f ∼ 0.08.
Now a rapid decline for Belgium, consistent with current zef f > 0.25.
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(Plots from https://www.worldometers.info/coronavirus.)
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Results also suggest that in the
Stockholm region of Sweden the
rate should be at the peak or
beyond despite no lockdown in
Sweden - deaths per population
O(0.8/1000).
Appears to be true whereas
Västra Götaland County, with
lower number so far is now
catching up.
Yesterday report Stockholm had
7.3% with antibodies three weeks
ago.

In general, the inferred if r and/or variation in susceptibilty suggests
that the effective number of people infected is rather higher, by a factor
of about 3, than estimates in e.g.
https://mrc-ide.github.io/covid19estimates/#/total-infected.
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Finally, if the is correct, it does also rely on the fact that those people
who have become infected are no longer susceptible to further infection,
at the very least for some short period of time.
If so, then for most practical purposes it is much the same if a large
effective number of the population is infected is due to a lower if r or
variation in suceptibility, or both. The implications for at what stage the
infection no longer transmits freely in the population is determined by
zef f .
The lower if r may seem more attractive, but actually it implies many
asymptomatic or very mild cases.
The latter suggests fewer cases, so easier for e.g. “track and trace” to
work, especially as fewer and fewer average transmissions will occur.
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Lombardy and Italy
Up to date numbers.
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Madrid and Spain
Up to date numbers.
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London and England
Up to date numbers.
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