Kbantomhqanikă tou FwtohlektrikoÔ Fainomènou.

EustĹjioc K. StefanÐdhc IoÔnioc , 2002

Perieqìmena

1 Eisagwgă 2 2 Diaforikă Energìc Diatomă gia to Fwtohlektrikì Fainìmeno 5 3 SumperĹsmata 12 4 Mazikìc Suntelestăc Aporrìfhshc. 15 5 ParĹrthma 18 5.1 Upologismìc thc qamiltonianăc allhlepÐdrashc H_{int} . . . . . . 18 5.2 Upologismìc tou oloklhrÿmatoc ∫ d^3re^i −→ Δ−→r e^{−μr}_r . . . . . . . . 21

KefĹlaio 1

Eisagwgă

Me ton ìro fwtohlektrikì fainìmeno onomĹzoume to fainìmeno ekeÐno katĹ to opoÐo èna dèsmio sÔsthma aktinoboleÐtai me kbĹnta (fwtìnia) uyhlăc enèrgeiac, me apotèlesma to fispĹsimofl tou dèsmiou autoÔ sustămatoc. Sthn perÐptwsh twn atìmwn èqoume thn prìsptwsh fwtonÐwn se dèsmia atomikĹ hlektrìnia me apìtelesma thn ekpompă touc apì to Ĺtomo, enÿ sthn perÐptwsh twn purănwn (fwtodiĹspash) èqoume thn prìsptwsh fwtonÐwn se purănec me apotèlesma th diĹspash autÿn.

To fwtohlektrikì fainìmeno anakalÔfthke to 1887 apì ton Heinrich Hertz katĹ th diĹrkeia peiramĹtwn tou sqetikĹ me ta hlektromagnhtikĹ kÔmata. Se peraitèrw peirĹmata katìrjwse na diapistÿsei ta exăc:

1. ’Otan stilpnĹ mètalla aktinoboloÔntan, exèpemptan hlektrìnia, ta opoÐa aniqneÔthkan me metrăseic tou lìgou e/m.

2. H ekpompă ă ìqi twn hlektronÐwn apì ta mètalla exartÿtan apì to măkoc kÔmatoc tou fwtìc. GenikĹ, upărqe èna ìrio pou poikÐle apì mètallo se mètallo kai mìno fwtìnia me enèrgeiec pĹnw apì to ìrio autì ja prokaloÔsan fwtohlektrikì reÔma.

3. To reÔma ătan anĹlogo thc èntashc thc prospÐptousac aktinobolÐac.

4. H enèrgeia twn fwtohlektronÐwn ătan anexĹrthth apì thn èntash thc phgăc tou fwtìc, allĹ metabĹllontan analìgwc me th suqnìthta tou prospÐptontoc fwtìc.

Parìlo pou h klassikă hlektromagnhtikă jewrÐa mporoÔse na ernhneÔsei to fwtohlektrikì fainìmeno (ădh ătan gnwstă h Ôparxh twn hlektronÐwn sta mètalla, opìte ja mporoÔsavna epitaqunjoÔn me thn aporrìfhsh aktinobolÐac), wstìso h exĹrthsh tou fainomènou apì th suqnìthta den ătan apìluta katanohtă, afoÔ h enèrgeia pou metafèrei èna hlektromagnhtikì kÔma eÐnai anĹlogh thc èntashc thc phgăc kai ìqi thc suqnìthtac.

To 1905, o Einstein jeÿrhse thn aktinobolÐa na apoteleÐtai apì mia sullogă kbĹntwn, enèrgeiac hf to kajèna, ìpou f eÐnai h suqnìthta tou fwtìc. H aporrìfhsh enìc tètoiou kbĹntou apì to hlektrìnio ja auxăsei thn enèrgeiĹ tou katĹ hf. ’Ena mèroc thc enèrgeiac ofeÐlei na dwjeÐ gia to diaqwrismì tou hlektronÐou apì to mètallo. To posì autì W (èrgo exagwgăc) anamènetai na poikÐlei apì mètallo se mètallo, allĹ den ja prèpei na exartĹtai apì thn enèrgeia tou hlektronÐou. To upìloipo posì enèrgeiac gÐnetai kinhtikă enèrgeia tou hlektronÐou. H arqă diatărhshc thc enèrgeiac ja dÿsei loipìn: 1 2 mu^2 = hf − W H exÐswsh aută perilambĹnei thn parĹmetro tou katwflÐou sth suqnìthta kai th grammikă sqèsh anĹmesa sthn kinhtikă enèrgeia tou hlektronÐou kai sth suqnìthta. H analogÐa metaxÔ reÔmatoc kai èntashc thc phgăc mporeÐ epÐshc na katanohjeÐ me th boăjeia autÿn twn kbĹntwn enèrgeiac: perissìtero isqură phgă fwtìc ekpèmpei perissìtera fwtìnia, ta opoÐa me th seirĹ touc eleujeurÿnoun perissìtera hlektrìnia.

O Robert A. Milikan, me sqolistikĹ peirĹmata, epibebaiÿse thn exÐswsh tou Einstein (sqăma 1.1)

Ta peirĹmata pou èginan èdeixan ìti to fwc sumperifèretai wc mia sullogă swmatidÐwn, ta opoÐa mporoÔn na droÔn anexĹrthta. Epiplèon, mporoÔme na exĹgoume plhroforÐec gia ta mètalla kai gia tic idiìthtec autÿn.

Sqăma 1.1: Ta prwtìtupa dedomèna (bl. anaforĹ [3] ) gia to fwtohlektrikì fainìmeno se mètallo pou deÐqnoun, isodÔnama, thn kinhtikă enèrgeia twn hlektronÐwn san sunĹrthsh thc suqnìthtac tou prospÐptontwc fwtìc. H klÐsh thc grammăc eÐnai h/e.

KefĹlaio 2

Diaforikă Energìc Diatomă gia to Fwtohlektrikì Fainìmeno

’Estw h diadikasÐa: γ + (ατoμo) → (ατoμo)^′ + e O rujmìc metĹbashc apì thn arqikă sthn telikă katĹstash ja dwjeÐ apì ton qrusì kanìna tou Fermi: R = 2π h̄ ∫ |M_{fi}|^2 ∏ V d^3p_k (2πh̄)^3 δ (E_γ − E_B − E_e) (2.1)

ìpou:

E_γ = h̄ω : h enèrgeia tou prospÐptontoc fwtonÐou E_B : h enèrgeia sÔndeshc tou hlektronÐou sto Ĺtomo E_e =^{p2e}_{2me} : h kinhtikă enèrgeia tou hlektronÐou.

H sunĹrthsh d thc exÐswshc (2.1) exasfalÐzei th diatărhsh thc enèrgeiac. Opìte: R = 2π h̄ ∫ |M_{fi}|^2 ∏ V d^3p_e (2πh̄)^3 δ ( h̄ω − E_B − p^2_e 2m_e )

AllĹ, se sfairikèc suntetagmènec, einai:

d^3p_e = p^2_e sin θdθdϕdp_e = p^2_edΩdp_e

’Ara:

R =^{2π}_{h̄} ∫ |M_{fi}|^{2 V}_{(2πh̄)3} p^2_edΩdp_eδ ( h̄ω − E_B −^{p2e}_{2me} ) = =^{2π}_{h̄} ∫ |M_{fi}|^{2 V}_{(2πh̄)3} m_ep_edΩd (_{p2e} 2m_e ) δ ( h̄ω − E_B −^{p2e}_{2me} ) ⇒ ⇒ R =^{2πV}_{h̄} ∫ |M_{fi}|^{2 mepe}_{(2πh̄)3} dΩ (2.2)

ìpou : p_e = √ 2m_e (h̄ω − E_B ) (2.3)

to opoÐo prokÔptei apì to mhdenismì thc d-sunĹrthshc. EĹn h sunjăkh kanonikopoÐhshc dèqetai 1 fwtìnio/ìgko (N=1), tìte to stoiqeÐo pÐnaka ja dÐdetai apo th sqèsh: M_{fi} = ⟨Ψ_f |H_{int}|Ψ_i⟩ Sto parĹrthma upologÐzetai h qamiltoniană allhlepÐdrashc, h opoÐa prokÔptei na eÐnai: H_{int} = e mc ( 2πc^2h̄N ωV )_{1/2} −→ε −→.p .ei( −→ k −→r −ωt) Sunepÿc, to stoiqeÐo pÐnaka ja eÐnai: M_{fi} = ⟨Ψ_f |H_{int}|Ψ_i⟩ = e mc ( 2πc^2h̄N ωV )_{1/2} ∫ Ψ^∗_f (−→r )−→ε −→p e^{i(} −→ k −→r )Ψ_i(−→r )d3r (2.4) ìpou Y_f (−→r ) kai Y_i(−→r ) eÐnai h telikă kai h arqikă kumatosunĹrthsh tou hlektronÐou.

Gia udrogonoeidă Ĺtomo, me to hlektrìnio na brÐsketai sth basikă stĹjmh, h arqikă kumatosunĹrthsh ja eÐnai:

Ψ_i(−→r ) = 1 √ π ( Z a_o )_{3/2} e^{−Zr/a0} (2.5) ìpou Z eÐnai o atomikìc arijmìc tou atìmou kai a_o eÐnai h klassikă aktÐna Bohr.

EĹn tÿra jewrăsoume prospÐpton fwtìnio me enèrgeia polÔ megalÔterh apì thn enèrgeia ionismoÔ tou atìmou, to hlektrìnio ja apomakrunjeÐ pèra tou hlektrikoÔ pediou tou atìmou, de ja ufÐstatai epÐdrash ap’ autì kai katĹ sunèpeia, jewroÔme ìti h telikă kumatosunĹrthsă tou eÐnai epÐpedo kÔma thc morfăc:

Ψ_f (−→r ) = 1 √ V e^{īh} −→p_e −→r (2.6)

Ja prèpei na shmeiÿsoume ìti h stajerĹ kanonikopoÐhshc^{1√}_V prosdiorÐzetai ètsi, ÿste na èqoume pĹli èna hlektrìnio anĹ ìgko.

Epeidă ìmwc h telikă katĹstash eÐnai idiokatĹstash thc ormăc, ja eÐnai: ⟨ f | | | | −→ε −→p_e ei −→ k −→r | | | | i ⟩ = −→ε −→p_e ⟨ f | | | |e^i −→ k −→r | | | | i ⟩ (2.7)

Apì thn (2.4) ja pĹroume loipìn:

|M_{fi}|^2 = ( e mc )_2 (2πh̄c_2 ωV ) [∫ d^3r 1 √ V e^{− īh} −→p_e −→r −→ ε −→p_e e^i −→ k −→r 1√ π ( Z a_o )_{3/2} e^{− Zra}o ]_2 ⇒

⇒ |M_{fi}|^2 = e^2 m^2c^2 2πh̄c^2 ωV 1 V (−→ε −→p_e )^2 1 π ( Z a_o )_3 ∫ d^3−→r e^i (−→ k − −→p_e h̄ ) −→r e^{− Zra}o 2 ⇒

⇒ |M_{if} |^2 =

2e^2h̄ ωV^2m^2 ( Z a_o )_3 (−→ε −→p_e )^2 ∫ d^3re^i (−→ k − −→p_e h̄ ) −→r e^{− Zra}o 2 (2.8)

Gia na èqoume roă Ðsh me 1 fwtìnio anĹ cm^2 jewroÔme kÔlindro embadoÔ bĹshc 1 cm^2 kai măkouc c cm (eÐnai to măkoc pou antistoiqeÐ se qrìno 1 sec). Tìte ja èqw ston ìgko autì puknìthta^V_c fwtìnia / cm^3.

’Etsi loipìn, pollaplasiĹzontac th sqèsh (2.2) me^V_c kai antikajistÿntac thn (2.8) paÐrnw thn energì diatomă tou fwtohlektrikoÔ fainomènou:

dσ dΩ = 2π h̄ mp_e (2πh̄)^3

2e^2h̄ ωm^2 ( Z a_o )_3 (−→ε −→p_e )^2 1 c ∫ d^3re i (−→ k − −→p_{ēh} )−→ r e^{−Zr/ao} 2 (2.9)

ìpou dW eÐnai h stereĹ gwnÐa pou perilabmĹnei thn ormă −→p_e . An tÿra ta Ĺtoma tou stìqou eÐnai katanemhmèna me puknìthta N Ĺtoma/cm^3, tìte èna kommĹti stìqou epifĹneiac A cm^2 kai pĹqouc dx (embadoÔ Adx cm^3) ja perièqei NAdx Ĺtoma. Kai an tÿra kĹje Ĺtomo èqei energì diatomă gia to fwtohlektrikì fainìmeno σ , tìte h energìc diatomă gia ìlon ton stìqo ja eÐnai: NAdxσ (2.10) Gia n prospÐptonta fwtìnia sto stìqo, o arijmìc twn swmatidÐwn pou antidroÔn mèsa sto pĹqoc dx tou stìqou, mèsw tou fwtohlektrikoÔ fainomènou, eÐnai: interacting particles incident particles = σ photoelectric total area ă dn n = − NAσdx A = −Nσdx (2.11) ìpou to arnhtikì prìshmo dhlÿnei thn elĹttwsh twn swmatidÐwn apì th dèsmh.

H oloklărwsh thc (2.11) dÐnei:

n(x) = n_oe^{−Nσx} (2.12)

ìpou n_o eÐnai o arijmìc twn arqikÿn swmatidÐwn (prospÐptontwn) , enÿ n(x) eÐnai o arijmìc twn swmatidÐwn pou apèmeinan sth dèsmh metĹ apì pĹqoc x cm (n_o − n(x) eÐnai o arijmìc twn swmatidÐwn pou allhlepÐdrasan me fwtohlektrikì fainìmeno se pĹqoc x).

EĹn [σ] = cm^2 kai [N] = σωμ/cm, tìte h posìthta λ =^1_{Nσ} èqei monĹdec măkouc kai onomĹzetai mèsh eleÔjerh diadromă.

Gia na upologÐsoume th diaforikă energì diatomă thc sqèshc (2.9), qreiazìmaste thn timă tou oloklhrÿmatoc.

Sto parĹrthma upologÐzetai ìti: ∫ d^3re^i −→Δ−→r e−μr r = 4π μ^2 + Δ^2

(2.13)

EĹn tÿra paragwgÐsoume th sqèsh (2.13) wc proc m, paÐrnoume: ∫ d^3re^i −→ Δ−→r e−μr = 8πμ (μ^2 + Δ^2)^2

(2.14)

Opìte, ja eÐnai: ∫ d^3−→r e^i (−→ k − −→p_e h̄ ) −→r e^{− Zra}o = 8π^Z_{ao} [ Z^2 a^2_0 + ( −→ k − −→p_e h̄ )_2]2 = 8πZa^3_o [Z^2 + a^2_0Δ^2]^2

(2.15) ìpou tÿra jèsame : −→Δ = −→k − −→pe h̄ = h̄ −→ k − −→p_e h̄ = −→p_γ − −→p_e h̄ (2.16) me −→p_γ = h̄ −→ k , h ormă tou fwtonÐou.

Me antikatĹstash thc (2.15) sth (2.9) paÐrnoume th diaforikă energì diatomă tou fwtohlektrikoÔ fainomènou: dσ dΩ = 2π h̄ mp_e (2πh̄)^3

2e^2h̄ ωm^2 ( Z a_o )_3 (−→ε −→p_e )^2 1 c [ 8πZa^3_o [Z^2 + a^2_0Δ^2]^2

]_2 ⇒

⇒ dσ dΩ = 32Z^5a^3_o p_ec h̄^3ω e^2 mc^2 (−→ε −→p_e )^2 1 [Z^2 + a^2_0Δ^2]^4 ⇒

⇒ dσ dΩ = 32Z^5a^3_o ( p_ec h̄ω ) ( −→ε −→p_e mc )_2 1 [Z^2 + a^2_0Δ^2]^4 me^2 h̄^2

(2.17)

EĹn tÿra lĹboume upfloyin ìti h klassikă aktÐna tou Bohr a_o eÐnai :

a_o = h̄ mcα (2.18)

me α =^{e2}_{h̄c} na eÐnai h stajerĹ upèrlepthc ufăc, prokÔptei ìti:

a_o = h̄^2 me^2 (2.19)

Sunepÿc, apì thn (2.17) èqoume: ⇒ dσ dΩ = 32Z^5a^2_o ( p_ec h̄ω ) ( −→ε −→p_e mc )_2 1 [Z^2 + a^2_0Δ^2]^4

(2.20)

Oi enèrgeiec tou fwtonÐou (E_γ = h̄ω) kai tou hlektronÐou ( E_e =^{p2e}_{2me} ) sundeìntai me th sqèsh:

h̄ω = E_B + p^2_e 2m_e (2.21)

Gia enèrgeiec loipìn tou exerqomènou hlektronÐou polÔ megalÔterec thc enèrgeiac sÔndeshc E_B ja eÐnai: h̄ω ≃ p^2_e 2m_e Dhladă, to ekpempìmeno hlektrìnio paÐrnei sqedìn ìlhn thn enèrgeia tou fwtonÐou.

Opìte:

1.^{pec}_{h̄ω} ( −→ε −→p_e mc )_2 ≃^{2mc}_{pe} ( −→ε −→p_e mc )_2

=^{2mc}_{pe} ( −→ε ^_{pe})^2_{p2e} m^2c^2 = 2p_e mc (−→ε ^p_e)^2 me ^p_e to monadÐaio diĹnusma katĹ th dieÔjunsh tou −→p_e .

2. Δ^2 =^1_{h̄2} (−→p_γ − −→p_e )^2 =^1_{h̄2} ( −→p_γ 2 − 2−→p_γ −→p_e + −→p_e 2 ) =^1_{h̄2} [(_{h̄ω} c )_2

− 2^{h̄ω}_c p_e ^p_γ ^p_e + p^2_e ] ⇒ ⇒ Δ^2 ≃^1_{h̄2} ( p^2_e −^{p3e}_{mec} ^p_γ ^p_e )

kai gia mh sqetikistikĹ hlektrìnia, ìpwc proanafèrjhke, ja eÐnai p_e = mu_e me apotèlesma

Δ^2 ≃ p^2_e h̄^2 ( 1 − u_e c ^p_γ ^p_e )

Sunepÿc, me tic proseggÐseic autèc, h sqèsh (2.20) dÐnei: dσ dΩ = 32Z^5a^2_o ( 2p_e mc ) (−→ε ^p_e)^2 1 [ Z^2 + a^2_o^{p2e}_{h̄2} ( 1 −^{ue}_c ^p_γ ^p_e )]_4 ⇒

⇒ dσ dΩ = 64Z^5a^2_o ( p_e mc ) (−→ε ^p_e)^2 1 [ Z^2 +^{p2e}_{α2m2c2} ( 1 −^{ue}_c ^p_γ ^p_e )]_4 ⇒

⇒ dσ dΩ = 64Z^5a^2_oα^8 (_{pe} mc ) (−→ε ^p_e)^2 [ α^2Z^2 +^{p2e}_{m2c2} ( 1 −^{ue}_c ^p_γ ^p_e )]_4 (2.22)

ìpou pĹli kĹname qrăsh thc sqèshc (2.18) Epilègw tÿra ton Ĺxona-z na deÐqnei th dieÔjunsh tou fwtonÐou, opìte ta dÔo dianÔsmata pìlwshc tou fwtonÐou ε^{(1)} kai ε^{(2)} ja deÐqnoun stic x kai y dieujÔnseic antÐstoiqa.

To monadiaÐo diĹnusma ^p_e grĹfetai tìte se sfairikèc suntetagmènec:

^p_e = sin θ cos ϕ^x + sin θ sin ϕ^y + cos θ ^z

Sunepÿc: ( ^p_e ^ε^{(1)} )_2

= sin^2 θ cos^2 ϕ ( ^p_e ^ε^{(2)} )_2

= sin^2 θ sin^2 ϕ

kai ^p_e ^p_γ = cos θ

Gia mh polwmènh dèsmh fwtonÐwn ja prèpei na pĹroume thn mèsh timă twn dÔo dieujÔnsewn pìlwshc. Opìte:

(^p_e ^ε)^2 = ( ^p_e ^ε^{(1)} )_2 + ( ^p_e ^ε^{(2)} )_2 2 = 1 2 [ sin^2 θ cos^2 ϕ + sin^2 θ sin^2 ϕ ] = 1 2 sin^2 θ

Tìte h sqèsh (2.22) dÐnei: dσ dΩ = 64Z^5a^2_oα^{8 1}_2 sin^2 θ^{√2mE}_{mc} [ α^2Z^2 +^{2E}_{mc2} ( 1 −^{ue}_c cos θ

)]_4 (2.23)

ìpou E =^{p2e}_{2m} eÐnai h klassikă enèrgeia tou hlektronÐou. EÐnai qrăsimo na anafèroume ìti gia ta elafrĹ stoiqeÐa, h sunjăkh pou jèsame: E_γ , E ≫ E_B eikanopoieÐtai gia èna eurÔ fĹsma energeiÿn. Gia udrogonoeidă Ĺtoma, h enèrgeia sÔndeshc eÐnai :

E_B = 1 2 mc^2 (Zα)^2

opìte h sunjăkh E ≫ E_B dÐnei: E ≫ 1 2 mc^2 (Zα)^2 ⇒

(Zα)^2 mc^2 2E ≪ 1 Me thn prosèggish aută, h diaforikă energìc diatomă gÐnetai: dσ dΩ = 32 √ 2Z^5a^2_oα^8 (E/mc^2)^{1/2} sin^2 θ (_{2E} mc^2 )_4 [_{(αZ)2mc2}

2E + ( 1 −^{ue}_c cos θ )]_4 ⇒

⇒ dσ dΩ ≃ 2 √ 2Z^5a^2_oα^8 ( E mc^2 )_{−7/2} sin_2 θ [ 1 −^{ue}_c cos θ

]_4 (2.24)

KefĹlaio 3

SumperĹsmata

Ac sqoliĹsoume sto shmeÐo autì th sqèsh (2.24):

1. ArqikĹ, h grăgorh skèyh pou kĹnei kaneÐc gia na ektimăsei thn tĹxh megèjouc thc energoÔ diatomăc wc 10^{−16}cm^2 (afoÔ to Ĺtomo èqei mègejoc thc tĹxhc tou 10^{−8}cm) den eÐnai swstă. Kai autì giatÐ, an kai to a^2_o eÐnai thc tĹxhc tou 10^{−16}cm^2 , pollaplasiĹzetai me to α^8 =

(_1 137 )_8

≃ 10^{−18}, to opoÐo den eÐnai agnoăsimo.

An agnoăsoume th gwniakă exĹrthsh, o prÿtoc parĹgontac gÐnetai: 2 √ 2Z^5a^2_oα^8 ( E mc^2 )_{−7/2} = 2 √ 2Z^5a^2_oα^8 ( mc^2 E )_{7/2} = 2 √ 2Z^5a^2_oα^8 ( 2mc^2 mu^2_e )_{7/2} = = 32Z^5a^2_oα^8 ( c u_e )_7

= 32 (a_o Z )_2 α ( αZc u_e )_7

ArqikĹ, blèpoume thn Ôparxh tou parĹgonta α, o opoÐoc proèrqetai apì thn ekpompă ă thn aporrìfhsh enìc mìno fwtonÐou. PrĹgmati, h sÔzeuxh tou dianusmatikoÔ dunamikoÔ me èna fortismèno swmĹtio eÐnai anĹlogh tou fortÐou e, opìte sto stoiqeÐo pÐnaka ja gÐnei e^2, pou eÐnai anĹlogo thc stajerĹc thc upèrlepthc ufăc, α. O parĹgontac (_{ao} Z )_2

dÐnei mia kalÔterh ektÐmhsh thc epifĹneiac tou atìmou, ap’ ìti to a^2_o, afoÔ tÿra milĹme gia udrogonoeidă Ĺtoma. Tèloc, o ìroc (_{αZc} u_e )_7

eÐnai to phlÐko thc troqiakăc taqÔthtac tou dèsmiou hlektronÐou proc thn taqÔthta tou exerqomènou-eleÔjerou hlektronÐou.

H gwniakă katanomă thc diaforikăc energoÔ diatomăc^{dσ}_{dΩ} eÐnai :

F (θ) = sin^2 θ [ 1 −^{ue}_c cos θ

]_4 (3.1)

Sqăma 3.1: H gwniakă katanomă thc sqèshc (3.1) gia diĹforec timèc tou phlÐkou^{ue}_c .

Sto sqăma (3.1) parousiĹzetai h gwniakă katanomă F(j) gia diĹforec timèc tou phlÐkou^{ue}_c .

ParathroÔme ìti h energìc diatomă mhdenÐzetai sthn emprìsjia dieÔjunsh (j=0) kai autì, giatÐ ta fwtìnia eÐnai egkĹrsia polwmèna. Tìte, afoÔ to stoiqeÐo pÐnaka eÐna anĹlogo tou −→ε −→p_e gia ormèc −→p_e parĹllhlec sthn ormă tou fwtonÐou ( −→p_e ‖ −→k ⇒ −→p_e ⊥ −→ε ) , o parĹgontac autìc mhdenÐzetai.

O paronomastăc èqei shmantikă epÐdrash sth diaforikă energì diatomă lìgw tou megĹlou ekjèth. ’Otan to^{ue}_c → 1 autì gÐnetai idiaÐtera fanerì, allĹ akìma kai gia tic mètriec timèc tou^{ue}_c upĹrqei shmantikă korufă sthn emprìsjia kateÔjunsh, ìpou o paronomastăc paÐrnei thn elĹqisth timă tou . Autì antistoiqeÐ sthn elĹqisth timă metaferìmenhc enèrgeiac anĹmesa sto fwtìnio kai sto hlektrìnio, (−→p_γ − −→p_e )^2.

Teleiÿnontac, ja prèpei na anaferjeÐ ìti se qamhlèc enèrgeiec prèpei na qrhsimopoihjeÐ mia pio akribăc èkfrash gia thn kumatosunĹrthsh tou exerqomènou hlektronÐou. Aută h kumatosunĹrthsh ja lambĹnei up’ ìyin thc thn allhlepÐdrash Coulomb metaxÔ tou purăna kai tou hlektronÐou kai den ja to jewreÐ plèon eleÔjero.

EÐnai fusikĹ eunìhto ìti de ja upĹrqei fwtohlektrikì fainìmeno gia enèrgeiec kĹtw apì to ìrio thc enèrgeiac ionismoÔ tou ligìterou dèsmiou hlektronÐou thc exwterikăc stoibĹdac. ’Oso auxĹnei h enèrgeia pĹnw apì to ìrio ja parĹgontai fwtohlektrikĹ ìlo kai perissìtera hlektrìnia apì endìterec stoibĹdec.

KefĹlaio 4

Mazikìc Suntelestăc Aporrìfhshc.

EĹn kaneÐc sqediĹsei to mazikì suntelestă aporrìfhshc: μ = Nσ ρ ìpou N eÐnai o arijmìc Avogandro, σ h energìc diatomă allhlepÐdrashc kai r h puknìthta wc sunĹrthsh tou măkou kÔmatoc tou fwtonÐou ja pĹrei th morfă pou faÐnetai sto sqăma (4.1).

H korufă K ofeÐletai sthn ekpompă hlektronÐou apì thn n=1 stoibĹda, enÿ oi L-korufèc ofeÐlontai sthn ekpompă twn hlektronÐwn thc n=2 stoibĹdac. Oi korufèc autèc antistoiqoÔn akribÿc sthn enèrgeia sÔndeshc twn diafìrwn hlektronÐwn.

SÔmfwna me ton empeirikì nìmo tou Moseley, oi stoibĹdec autèc prèpei na brÐskontai se enèrgeiec:

E = 13.6

(Z − σ_n)^2 n^2 eV (4.1)

ìpou σ_n eÐnai h fistajerĹ jwrĹkishcfl kai dÐdetai apì th sqèsh σ_n = 2n+1. Se sqetikistikèc enèrgeiec, oi upologismoÐ dÐnoun thn energì diatomă na pèftei wc (_E m )_{−1} antÐ gia (_E m )_{−7/2} . AllĹ se enèrgeiec megalÔterec apì 0.5 MeV to fwtohlektrikì fainìmeno paÔei na eÐnai to kurÐarqo fainìmeno aporrìfhshc aktinobolÐac kai arqÐzei to fainìmeno Compton. ’Opwc einai gnwstì gia enèrgeiec megalÔterec twn 1.02 MeV èqoume thn kuriarqÐa thc paragwgăc zeÔgouc e^+, e^− apì to fwtìnio. To sqăma 4.2 deÐqnei thn olikă energì diatomă allhlepÐdrashc twn fwtonÐwn se kĹje perioqă enèrgeiac sthn perÐptwsh pou o stìqoc eÐnai o Ĺnjrakac kai o mìlubdoc.

Sqăma 4.1: O mazikìc suntelestăc aporrìfhshc gia thn platÐnh sunartăsei tou măkouc kÔmatoc tou fwtonÐou .

Sqăma 4.2: Olikă energìc diatomă twn fwtonÐwn wc sunĹrthsh thc enèrgeiac ston Ĺnjraka (a) kai ston mìlubdo (b) . FaÐnontai oi suneisforèc twn diafìrwn diadikasiÿn:

• σ_{p.e}=Atomikì fwtohlektrikì (aporrìfhsh fwtonÐwn, ekpompă hlektronÐwn) • σ_{coherent}=SÔmfwnh (coherent) skèdash (Skèdash Reyleigh-ta Ĺtoma den ionÐzontai, oÔte diegeÐrontai.

• σ_{incoherent}= asÔmfwnh skèdash (Skèdash Compton apì èna hlektrìnio) • κ_n=DÐdumh gènnesh lìgw purhnikoÔ pedÐou. • κ_e=DÐdumh gènnesh lìgw hlektrikoÔ pedÐou.

• σ_{nuc}=Fwtopurhnikă aporrìfhsh (Purhnikă aporrìfhsh pou sunăjwc sunodeÔetai apì ekpompă netronÐou ă Ĺllou swmatidÐou)

17

KefĹlaio 5

ParĹrthma

5.1 Upologismìc thc qamiltonianăc allhlepÐdrashc H_{int}

H qamiltoniană pou perigrĹfei thn allhlepÐdrash enìc hlektronÐou mèsa se statikì dunamikì V (r) me èna hlektromagnhtikì pedÐo, to opoÐo qarakthrÐzetai apì to dianusmatikì dunamikì −→ A (−→r , t) eÐnai :

H = [ −→p + e_c −→A (−→r , t) ]_2 2m + V (r) (5.1)

EĹn jewrăsoume ìti h adiatĹraqth, arqikă qamiltoniană eÐnai :

H_o = −→p 2 2m + V (r) (5.2)

tìte o ìroc thc qamiltonianăc allhlepÐdrashc ja eÐnai: H_{int} = e mc −→ A (−→r , t)−→p (5.3) ìpou jewrăsame th bajmÐda: ∇. −→ A = 0 (5.4)

opìte −→ A −→p = −→p −→ A kai agnoăsame ìrouc 2hc tĹxhc wc proc to −→ A EĹn grĹyoume to dianusmatikì dunamikì me th morfă: −→ A (−→r , t) = A^∗(−→r )e^{iωt} + A(−→r )e^{−iωt} (5.5) tìte sthn ekpompă fwtonÐou ja suneisfèrei mìno o ìroc e^{iωt} (A^∗ (−→r ): telestăc dhmiourgÐac fwtonÐou), enÿ gia thn aporrìfhsh fwtonÐou ja emfanisteÐ o ìroc e^{−iωt} (A (−→r ) : telestăc katastrofăc fwtonÐou).

Apì tic exisÿseic ìmwc tou Maxwell, prokÔptei ìti : −∇^2−→A (−→r , t) + 1 c^2

∂^2 −→ A (−→r , t) ∂t^2 = 4π c −→j (−→r , t) (5.6) Gia mhdenikă puknìthta reÔmatoc kai gia −→ A (−→r , t) = −→ A_o(−→r )e^{−iωt} (5.7) prokÔptei: −∇^2 −→ A_o(−→r ) − ω^2 c^2 −→ A_o(−→r ) = 0 (5.8)

h opoÐa èqei wc lÔsh thn: −→ A_o(−→r ) = −→ A_0e^i −→ k −→r (5.9) me :

k^2 = ω^2 c^2

(5.10)

Apì th bajmÐda ìmwc ∇.−→A = 0 prokÔptei ìti: −→ k −→ A_o = 0 (5.11)

opìte kai: −→ A_o(−→r , t) = −→ A_0e^i (−→ k −→r −ωt ) (5.12)

To hlektrikì pedÐo eÐnai: −→ E = − 1 c ∂ −→ A ∂t ⇒ −→ E = iω c −→ A_0e^i (−→ k −→r −ωt ) (5.13)

enÿ to magnhtikì pedÐo eÐnai : −→ B = −→ ∇x −→ A ⇒ −→ B = i −→ k x −→ A_oe^i (−→ k −→r −ωt ) (5.14)

H puknìthta enèrgeiac eÐnai :

u = 1 8π (−→ E^2 + −→ B^2 ) = 1 8π [ 2 ω^2 c^2 −→A_o−→A_{∗o} + 2 (−→k x−→A_o) (−→k x−→A_{∗o}) ] (5.15)

EĹn lĹboume upìyin th sqèsh: ( −→a x−→b ) ( −→c x−→d ) = (−→a .−→c ) (−→ b . −→ d ) − ( −→a .−→d ) (−→ b .−→c ) (5.16)

ja eÐnai : (−→ k x−→A_o ) (−→ k x −→ A^∗_o ) = (−→ k . −→ k ) (−→A_o.−→A_{∗o}) − (−→k .−→A_{∗o}) (−→A_o.−→k ) = −→k^2−→A_o−→A_{∗o} (5.17) lìgw thc sqèshc (5.11)

’Ara: u = 1 8π [ 2 ω^2

c^2 −→A_o−→A_{∗o} + 2−→k^2.−→A_o−→A_{∗o} ] = 1 8π [ 2 ω^2

c^2 −→A_o−→A_{∗o} + 2ω^2 c^2 −→A_o−→A_{∗o} ] =

= 1 8π 4 ω^2

c^2 −→ A_o −−−→ A^∗_o =

= 1 2π ω^2

c^2 −→ A_o −→ A^∗_o (5.18)

EĹn èqoume to sÔsthma se ìgko V, h olikă enèrgeia ja eÐnai: E = ∫ udV = ∫ ω^2 2πc^2 −→ A^∗_o −→ A_odV = ω^2 2πc^2 | | | −→ A_o | | |^2 V

EĹn mĹlista ston ìgko autì V èqoume N fwtìnia me h̄ω enèrgeia to kajèna,

tìte:

ω^2 2πc^2 | | | −→ A_o | | |^2 V = Nh̄ω ⇒ | | | −→ A_o | | | = ( 2πc^2h̄N ωV )_{1/2}

EĹn tÿra jewrăsoume −→ε na eÐnai to monadiaÐo diĹnusma pìlwshc, tìte: −→ A_o (−→r , t) = ( 2πc^2h̄N ωV )_{1/2} .−→ε (5.19) Sunepÿc, apì tic exisÿseic: −→ A (−→r , t) = −→ A_o(−→r )e^{−iωt} −→ A_o(−→r ) = −→ A_oe^i −→ k −→r prokÔptei ìti: −→ A (−→r , t) = −→ A_oe^i (−→ k −→r −ωt )

Dhladă: −→ A (−→r , t) = ( 2πc^2h̄N ωV )_{1/2} .−→ε e^i (−→ k −→r −ωt ) (5.20)

UpenjumÐzoume ìti h parapĹnw sqèsh isqÔei gia thn aporrìfhsh enìc fwtonÐou apì èna fortismèno swmatÐdio, se mia arqikă katĹstash, h opoÐa èqei ădh N kbĹnta enèrgeiac me suqnìthta w.

Apì th sqèsh (5.3) ja eÐnai: H_{int} = e mc ( 2πc^2h̄N ωV )_{1/2} .−→ε −→p e^i (−→ k −→r −ωt ) (5.21)

5.2 Upologismìc tou oloklhrÿmatoc^∫ d^3re^i −→ Δ−→r e^{−μr}_r Se sfairikèc suntetagmènec eÐnai : d^3r = r^2 sin θdrdθdϕ EĹn tÿra epilèxw th dieÔjunsh tou −→ Δ wc ton z-Ĺxona, ja eÐnai −→ Δ.−→r = Δ.^z−→r = r cos θ kai ja pĹrw: ∫ d^3re^i −→ Δ−→r e^{−μr} r = ∫_{2π} 0 dϕ ∫_π 0 sin θdθ ∫_∞ 0 r^2e^{iΔr cos θ e−μr}_r dr = = 2π ∫_∞ 0 re^{−μr}dr ∫_π 0 sin θe^{iΔr cos θ}dθ =

= 2π ∫_∞ o re^{−μr}dr [ −^{eiΔr cos θ}_{iΔr} ]_π 0 = =^{2π}_{iΔ} ∫_∞ 0 e^{−μr}dr(e^{iΔr} − e^{−iΔr}) = =^{2π}_{iΔ} ∫_∞ 0 [ e^{(iΔ−μ)r} − e^{−(iΔ−μ)r} ] dr = =^{2π}_{iΔ} [ −^1_{iΔ−μ} −^1_{iΔ+μ} ] = =^{2π}_{iΔ}^{−iΔ−μ−iΔ+μ} −Δ^2−μ^2 =

=^{4π}_{μ2+Δ2}

BibliografÐa

[1] Stephen Gasiorowicz: Quantum Physics (2nd edition), JoHn Wiley and Sons, Inc.

[2] L. I. Schiff: Quantum Mechanics (3rd edition), McGraw-Hill [3] R.A.Millikan, Physical Review 7, 355-388 (1916), Issue 3-March 1916 [4] The European Physical Journal C : Review of Particle Physics.